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1. Introdution
Reently there has been onsiderable interest in the novel suggestion that we live
in a Universe that possesses more than four dimensions. The standard model elds
are assumed to be onned to a hyper-surfae (or 3-brane) embedded in this higher
dimensional spae, in ontrast to the gravitational elds whih propagate through
the whole of spaetime [110℄. In order for this to be a phenomenologially relevant
model of our universe, standard four-dimensional gravity must be reovered on our
brane. There are various ways to do this, the most obvious being to assume that the
1
extra dimensions transverse to our brane are ompat. In this ase gravity an be
reovered on sales larger than the size of the extra dimensions [57℄. This is dierent
from earlier proposals sine the restritions on the size of the extra dimensions from
partile physis experiments no longer apply, as the standard model elds are onned
to the brane. The extra dimensions only have to be smaller than the sale on whih
gravity experiments have probed, of order 0.1mm at the time of writing. Another
way to reover four-dimensional gravity at large distanes is to embed a positive
tension 3-brane into an AdS5 bulk [9, 10℄. In this senario four-dimensional gravity
is obtained at sales larger than the AdS radius. Randall and Sundrum showed that
this ould produe sensible gravity even if the extra dimension was not ompat.
Several aspets of the above extra dimensional senarios have sine been inves-
tigated, and ompared with the standard four-dimensional ase. The osmology of
a 3-brane in a ve-dimensional bulk was studied and its Friedman equation derived
and shown to ontain several extra terms [1115℄. Pertubations to this homogenious
ase have been examined [1619℄ as have some inationary models [20, 21℄, as well
as phase transitions, topologial defets and baryogenesis [22℄. More reently it was
shown how to embed the Randall-Sundrum models within supergravities [2325℄ and
then within string theory ompatiations as in [2629℄. The seemingly arbitrary
feature of having an AdS bulk spaetime is atually well motivated as it is found
as a supersymmetri vauum to supergravity theories, inspiring several more reent
brane world models [3036℄. Generalisations have been made to six dimensions, and
it has been demonstrated that both singular and non-singular self-gravitating string
defets an loalise gravity [3741℄.
In this paper we examine the `osmologial radion' whih is dened as the inter-
brane distane of the osmologially generalised Randall-Sundrum two brane model.
The radion is in general time dependent and in this paper we go on to investigate this
time dependent behaviour fully. Many authors impose a stabilisation mehanism on
the radion suh as [4246℄, in order to have a stati size of extra dimension. While
this is understandable, most of the mehanisms are inserted in an artiial man-
ner and it is therefore interesting to examine the nature of the radion without suh
purpose built onstraints. Several linearised approahes have been made [45, 4750℄
however, we will dene the radion in a non-perturbative way, and then use the as-
sumptions of homogeneity and isotropy to derive the non-linear equations of motion
of the osmologial radion, thus providing a more general and elegant proof to that
found in [51℄.
The radion equations will be used to identify senarios where stable and unstable
interbrane distanes exist, and then the equations will be linearised to determine the
nature of these equilibrium positions. We then go on to solve numerially for the
trajetories of the radion in several ases of interest inluding when both branes are
dS or AdS, when the referene brane possesses a sensible osmology, when both
branes are either radiation or matter dominated, when phase transitions our, and
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when the Z2 symmetry is broken allowing senarios with two positive tensions branes.
Hene we signiantly extend the results found by [51℄, in whih only fairly trivial
situations were looked at. A rih variety of behaviour of the radion is found and in
order to understand this we present a oneptual argument based on the perspetive
of a bulk observer, summarised in setion 4.
2. Deriving the Complete Non-Linear Equations for the Cos-
mologial Radion
In this setion we rst desribe the generalised Randall-Sundrum two brane senario
before dening the osmologial radion in a non-perturbative manner. The omplete
non-linear equation for the osmologial radion or interbrane distane R(t) is then
derived for the general ase. It is assumed that no Z2 symmetry exists aross either
brane and that the bulk possess a non-zero Weyl tensor omponent and we there-
fore generalise the derivation presented in [51, 52℄. Alternative, mainly linearised
approahes an be found in [45, 4750℄.
2.1 Cosmologial Two Brane Senario
Sine we are interested in osmologial solutions, we take a metri of the form:
ds2 = −n2(t, y)dt2 + a2(t, y)γijdxidxj + dy2, (2.1)
where y is the oordinate of the fth dimension and we adopt a brane-based approah
where the referene brane is the hyper-surfae dened by y = 0. Here γij is a
maximally symmetri 3-dimensional metri with k = −1, 0, 1 parameterising the
spatial urvature. The metri is found by solving the ve-dimensional Einstein's
equations whih take the form,
GAB ≡ RAB − 1
2
RgAB = κ
2TAB, (2.2)
where RAB is the ve-dimensional Rii tensor, R = g
ABRAB the salar urvature
and where we dene κ2 = 1/M˜35 , M˜5 being the fundamental (redued) 5D Plank
Mass. The stress-energy-momentum tensor an be written as,
TAB = T
A
B|brane + TAB|bulk . (2.3)
Again with osmology in mind, we assume a homogeneous and isotropi geometry in
both branes and this makes it possible to write the rst term as:
TAB|brane ≡ δ(y) diag(−ρ0, P0, P0, P0, 0) + δ(y −R(t)) diag(−ρ2, P2, P2, P2, 0),
(2.4)
where ρ0 and P0 are the energy density and pressure of the referene brane, with
similar denitions for the seond brane. Here we have dened the position of the
3
seond brane to be at y = R(t) whih is in general time dependent. R(t) is the inter-
brane distane otherwise known as the osmologial radion, and will be investigated
throughout this paper. The seond term in equation (2.3), whih desribes the same
negative bulk osmologial onstant Λ either side of the brane, is of the form,
TAB|bulk = 1
κ2
diag(−Λ,−Λ,−Λ,−Λ,−Λ). (2.5)
Substituting the metri given by equation (2.1) into the Einstein equations (2.2)
allows one to nd the metri oeients a(t, y) and n(t, y) in the bulk [53℄, whih are
used throughout this paper. The Friedmann equation on the referene brane an also
be found by using the Einstein equations ombined with the Israel juntion onditions
whih relate the jump in the extrinsi urvature tensor to the energy-momentum-
tensor on the brane [5457℄. This gives the well known (non-Z2 symmetri) brane
world Friedmann equation [15, 53℄ (with a0 ≡ a(t, y = 0)),
H20 ≡
(
a˙0
a0
)2
=
Λ
6
+
κ4
36
ρ20 −
k
a20
+
C
a40
+
F 2
ρ20a
8
0
, (2.6)
where C and F are onstants related to the Weyl tensor and the lak of Z2 symmetry
respetively. These onstants are in fat related to the blak hole masses on either
side of the referene brane by C = (C0 + C1)/2 and F = 3(C1 − C0)/4κ2, where we
have dened the blak hole mass to the left of the referene brane (y < 0) as C0 and
to the right (0 < y < R) as C1. Below we will also use the mass of the blak hole to
the right of the seond brane (R < y) dened as C2.
In order to avoid the redundany of several physial onstants it is desirable to
dene a mass sale µ and an energy density sale σ suh that,
µ2 = −Λ
6
, σ =
6µ
κ2
. (2.7)
We an then deal solely with the dimensionless energy densities (η0 and η2) and
pressures (p0 and p2) of the branes, dened by,
η0 =
ρ0
σ
, η2 =
ρ2
σ
, (2.8)
p0 =
P0
σ
, p2 =
P2
σ
. (2.9)
These dimensionless quantities will be used throughout the rest of this paper. We
now go on to derive the non-linear equation for R(t).
2.2 An Elegant Method for Finding the Equation for R˙
Using the dimensionless quantities dened by equations (2.8) and (2.9), the Fried-
mann equation on the referene brane now looks like,
H20 (t) = µ
2η20 − µ2 −
k
a20
+
C0 + C1
2a40
+
(C1 − C0)2
16µ2η20a
8
0
, (2.10)
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where C0 and C1 are the masses of the Shwarzshild blak hole either side of the
brane. If the seond brane follows a trajetory given by y = R(t), then the indued
four-dimensional metri on the seond brane is given by,
ds2 = −
[
n2(t,R(t))− R˙2
]
dt2 + a2(t,R(t))dx2, (2.11)
= −dτ 2 + a22(τ)dx2, (2.12)
where the dot represents the derivative with respet to the referene brane time t,
the subsript 2 implies evaluation on the seond brane at y = R, and τ has been
dened as the proper time as seen by an observer on the seond brane and is dened
by,
dτ =
√
n2(t,R(t))− R˙2 dt. (2.13)
The expansion rate of the seond brane as seen by an observer on our brane is simply,
H2(t) =
1
a2
da2
dt
=
(
a˙
a
+
a′
a
R˙
)
2
, (2.14)
where the dash represents the derivative with respet to y, and as seen by an observer
on the seond brane itself,
H2(τ) = 1
a2
da2
dτ
= H2(t)
dt
dτ
, (2.15)
⇒ H2(τ) =
(
a˙
a
+
a′
a
R˙
)
2
(
n2 − R˙2
)−1/2
2
. (2.16)
This equation for H2 is important as it relates the expansion rate of the seond
brane (with respet to its proper time) to R and R˙. It does not seem so useful at
rst, as alulating H2 ould be diult. However, it is known that the brane world
Friedmann equation given by (2.10) is derived from a purely loal analysis and that
should we have hosen the seond brane to be stationary and at y = 0, we would
have derived the equivalent Friedmann equation with η0 replaed by η2. This means
that H2(τ) must have the following form,
H22(τ) = µ2η22 − µ2 −
k
a22
+
C1 + C2
2a42
+
(C2 − C1)2
16µ2η22a
8
2
, (2.17)
where we have dened as before η2 = ρ2/σ and C1 and C2 are again the masses of
the blak hole to the left and the right of the seond brane. It should be understood
that equation (2.17) ensures that the seond brane evolves aording to the juntion
onditions of the extrinsi urvature tensor, just as equation (2.10) ensures similar
behaviour for our brane. At this point we use the following bulk identity whih is
obtained from the Einstein equations and derived in [12℄,(
a˙
na
)2
=
a′2
a2
− µ2 − k
a2
+
Ci
a4
, (2.18)
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where as before i = 0, 1 or 2 for the regions y < 0, 0 < y < R, or y > R respetively.
Combining this with equation (2.17) gives, for the 0 < y < R ase,
H22 =
(
a˙
na
)2
2
− a
′2
2
a22
+
(
µη2 +
f2
η2a
4
2
)2
, (2.19)
where the usual notation f2 = (C2 − C1)/4µ has been used. Substituting (2.19) into
(2.16) and rearranging gives the following equation for R˙,
a′
a
+
a˙
n2a
R˙ =
(
µη2 +
f2
η2a42
)(
1− R˙
2
n2
)1/2
, (2.20)
where we have dropped the subsript `2' as from now on all the metri omponents
are to be evaluated at y = R unless stated otherwise. This therefore generalises
the result derived by [51℄. Equation (2.20) an be algebraially solved to give the
generalised rst order equation for R˙:
R˙ = n
[
− a
′a˙
a2n
±H2
(
µη2 +
f2
η2a42
)][
a′2
a2
+H22
]−1
. (2.21)
One has to be areful when onsidering in whih situations solutions exist and in
some ases whih sign should be hosen in equation (2.21). We need to onsider both
equations (2.20) and (2.16), a fat that was negleted by [51℄ and led to them having
to hange the ± sign in equation (2.21) by hand in order to enable their numerial
omputation. Equation (2.20) tells us immediately that −n < R˙ < n, whih just
means that the motion of the seond brane relative to the rst annot be greater
than the loal speed of light. With this in mind the same equation now tells us that
if a′/a and µη2 + f2/η2a
4
2 are of the same sign, then if, |a′/a| > |a˙/na| there will be
two solutions, however if |a′/a| < |a˙/na| only one solution exists. On the other hand,
if a′/a and µη2+f2/η2a
4
2 are of the opposite sign, |a′/a| > |a˙/na| implies no solutions
and |a′/a| > |a˙/na| implies only one. For the ases where there is one solution
only, the overall hoie of the ± in (2.21) should be the sign of a˙(µη2 + f2/η2a42).
Inspeting equation (2.16) we see a similar story: if H2 and a˙/na are the same sign,
then if |a′/a| is greater/less than |a˙/na| it implies one/two solutions. If H2 and a˙/na
are of opposite signs then if |a′/a| is greater/less than |a˙/na| it implies one/zero
solutions. The overall sign for the single solutions in this ase should be that of
H2a′/a. Therefore these two equations ompliment eah other: when (2.20) implies
there are two solutions, equation (2.16) shows that there is in fat only one (whih
one depends on the sign of H2). This was negleted by [51℄, and will be used in
generating the numerial solutions in setion 5.
2.3 Derivation of the R¨ Equation
In order to investigate equilibrium positions of the seond brane it is neessary to
derive the equation for R¨. Taking the time derivative of equation (2.20) and then
6
adding to it H2 times equation (2.20) gives,
d
dt
(
a′
a
+
a˙
an2
R˙
)
+
(
a˙
a
+
a′
a
R˙
)(
a′
a
+
a˙
an2
R˙
)
= (2.22)
1
2
g
(
1− R˙
2
n2
)−1/2
d
dt
(
−R˙
2
n2
)
+
dg
dt
(
1− R˙
2
n2
)1/2
+ g H2
(
1− R˙
2
n2
)1/2
,
where the funtion g(a, η2) is given by g = µη2 + f2/η2a
4
. Noting rst that
dg
dt
= µη˙2 − f2
η2a4
η˙2
η2
− 4 f2
η2a4
1
a
da
dt
, (2.23)
and the identities: (1/a)da/dt = H2 and η˙2 = −3H2(η2 + p2) whih is just the
energy-momentum onservation equation for the seond brane, one then nds that
by multiplying (2.22) by 1− R˙2/n2 and rearranging, one gets,
− 1
3
G05
(
1− R˙
4
n4
)
− 1
3
R˙ (G55 +G00/n2)
(
1− R˙
2
n2
)
+ H2
[
R¨
n2
+
n′
n
(
1− 2R˙
2
n2
)
− n˙
n
R˙
n2
]
= H2
(
−2µη2 − 3µp2 + 3f2p2
η22a
4
)(
1− R˙
2
n2
)3/2
. (2.24)
We will be mainly interested in the ase where the bulk possesses a osmologial
onstant, and therefore from the Einstein equations (2.2) we have G05 = 0 and
G00/n
2 = −G55 = −6µ2. This means that the rst two terms on the left hand side of
equation (2.24) vanish. In fat a more general argument rst proposed by [51℄ shows
that these terms will vanish as long as the bulk energy-momentum tensor satises
the three-dimensional symmetries of homogeneity and isotropy. >From (2.24) we
an now see that the generalised equation for R¨ is given by,
R¨
n2
+
n′
n
(
1− 2R˙
2
n2
)
− n˙
n
R˙
n2
=
(
−2µη2 − 3µp2 + 3f2p2
η22a
4
)(
1− R˙
2
n2
)3/2
. (2.25)
Equations (2.21) and (2.25) govern the evolution of R and will be used to examine
the behaviour of the general osmologial radion.
3. The Linearised Radion Equation
In this setion the full equations (2.21) and (2.25) that govern the evolution of the
osmologial radion are examined analytially. Unfortunately, due to the highly non-
linear nature of these equations nding an analyti solution is impossible in all but
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the most trivial of ases. Therefore, here the stable solutions will be identied and
the nature of their stability disussed along with a few other important features that
the solutions must possess. These results will then be ompared with the extensive
numerial analysis that ours in the next setion.
3.1 Equilibrium Solutions
In order to nd the equilibrium solutions, R˙ and R¨ are both set to zero in equations
(2.21) and (2.25). This restrits the equation of state on the seond brane to be of
a spei form. It will be shown in general that in order for the size of the fth
dimension to be onstant, an equation of state of the form p2 = ω2η2 inevitably leads
to a time dependent ω2. Setting R˙ = R¨ = 0 in equation (2.21) leads to,
a′
a
= µη¯2 +
f2
η¯2a4
, (3.1)
where a and a′ are evaluated at position y = R and we have dened η¯2 to be the
dimensionless energy density on the seond brane at equilibrium. Rearranging gives,
2µη¯2 =
a′
a
±
√
a′2
a2
− 4f2µ
a4
. (3.2)
This shows that if for example a′/a < 0 for all y (as is the ase for a osmologially
realisti Z2 symmetri brane where a(t, y) = coshµy−η0 sinhµy and η0 > 1) and the
non-Z2 symmetry breaking parameter satises 0 < f2 < (aa
′)2/4µ then the possible
solutions for η¯2 are both negative. The ase where f2 > (aa
′)2/4µ of ourse has no
equilibrium solution. If however, f2 < 0 then one of the solutions will be positive,
therefore one ould have two positive tension branes in equilibrium in a semi-innite
ve dimensional spae-time. This orresponds to the setup examined in [58℄ and will
be disussed in more detail later. Setting R˙ = R¨ = 0 in equation (2.25) leads to a
similar onstraint on p2,
n′
n
= −2µη¯2 − 3µp¯2 + 3f2p¯2
η¯22a
4
, (3.3)
where p¯2 is the dimensionless pressure on the seond brane at equilibrium. This
onstraint an be rewritten using equation (3.1) to give,
p¯2 =
η¯2
(
n′
n
+ 2µη¯2
)
3
(
a′
a
− 2µη¯2
) . (3.4)
This demonstrates that exept for a few trivial situations, the equilibrium require-
ment fores ω2 to be time dependent and therefore for the seond brane to have an
`unnatural' equation of state. Note that equations (3.2) and (3.4) do reprodue the
Randall-Sundrum onditions η0 = −η2 = 1 or equivalently κ2ρ0 = −κ2ρ2 =
√−6Λ,
8
in the onstant brane tension (ω0 = ω2 = −1), non-Z2 and time independent limit
as expeted. For the spei ase where the equation of state of the referene brane
is given by p0 = ω0η0 with ω0 = −1, one nds from solving the Einstein equations
that a′/a = n′/n. Equation (3.4) then beomes (using equation (3.1)),
p¯2 =
η¯2
(
f2
η¯2a4
+ 3µη¯2
)
3
(
f2
η¯2a4
− µη¯2
) . (3.5)
Therefore, at times when the non-Z2 symmetri nature of the seond brane dominates
i.e. when f2/η2a
4 ≫ µη2 equation (3.5) implies that ω2 = 1/3. This orresponds
to late time in a radiation dominated universe. Alternatively, if the seond brane is
approximately Z2 symmetri suh that f2/η2a
4 ≪ µη2 then equation (3.5) predits
that ω2 = −1, whih orresponds to the seond brane possessing a onstant brane
tension. Another interesting ase where equilibrium positions exist is when both
branes are tuned, Z2-symmetri and possess realisti osmologies. Here, equilibrium
positions exist provided both branes have the same equation of state. This situation
is disussed fully in setion 5.4. The nature of the stability of the above equilibrium
solutions will be examined in the next setion.
3.2 Radion Flutuations
In order to examine the nature of the equilibrium solutions found above it is neessary
to linearise the radion equations (2.21) and (2.25) around the equilibrium points.
Setting R˙ = δR˙, R¨ = δR¨, η2 = η¯2 + δη2 and p2 = p¯2 + δp2 results in,
δ
(
a′
a
)
+
a˙
an
δR˙
n
=
(
µ− f2
η¯22a
4
)
δη2 − 4f2
η¯2a5
δa , (3.6)
δ
(
n′
n
)
+
δR¨
n2
− n˙
n2
δR˙
n
= −2µδη2 − 3µδp2 + 3f2p¯2
η¯22a
4
(
δp2
p¯2
− 2δη2
η¯2
− 4δa
a
)
. (3.7)
In order to evaluate the rst term in eah of the equations (3.6) and (3.7) it is now
assumed that the referene brane respets Z2 symmetry and possesses no Weyl tensor
omponent. Therefore f0 = 0 and C = 0 or in terms of the bulk Shwarzshild masses
on either side of the referene brane: C0 = C1 = 0. Sine C2 6= 0 the seond brane
will not in general be Z2 symmetri. This means that the metri omponents, whih
are obtained by solving Einstein's equations (2.2), now look like [51℄,
a(t, y) = a0(cosh µy − η0 sinh µy) , (3.8)
n(t, y) = coshµy − η˜0 sinhµy , (3.9)
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where η˜0 = η0 + η˙0/H0. It an now be expliitly shown using equations (3.1), (3.3),
(3.8) and (3.9) that,
δ
(
a′
a
)
=
[
µ2 −
(
µη¯2 +
f2
η¯2a4
)2]
δR ≡ m2aδR , (3.10)
δ
(
n′
n
)
=
[
µ2 −
(
−2µη¯2 − 3µp¯2 + 3f2p¯2
η¯22a
4
)2]
δR ≡ m2nδR , (3.11)
and dening the funtion g¯(t,R) as,
g¯(t,R) = µη¯2 + f2
η¯2a4
, (3.12)
equations (3.6) and (3.7) an be rewritten in the following form:
H2 δR˙
n
+ (m2a + 4g¯(g¯ − µη¯2))δR = (2µ−
g¯
η¯2
)δη2 , (3.13)
δR¨
n2
− n˙
n2
δR˙
n
+ (m2n + 12
p¯2
η¯2
g¯(g¯ − µη¯2))δR =
−2(µ+ 3 p¯2
η¯2
(g¯ − µη¯2))δη2 − 3(2µ− g¯
η¯2
)δp2 ,(3.14)
where the fat that δa/a = (a′/a)δR and that (a˙/an)δR˙ = H2δR˙ to rst order,
has been used. Thus, it an be seen that in general the radion utuations are
entangled with the matter utuations and that solving the linearised equations
beomes non-trivial. It is possible however, when the utuations are of the adiabati
type, δp2 = c
2
2δη2 to take the appropriate linear ombination of equations (3.13)
and (3.14) to obtain an equation that depends upon the radion utuations only.
Examining initially the ase where ω0 = −1, p2 = ω2η2 and therefore c22 = ω2,
and where the seond brane is dominated by its lak of Z2 symmetry suh that
f2/η2a
4 ≫ µη2, ones nds that equations (3.13) and (3.14) ombine to give,
δR,ττ − 3ω2H2δR,τ + 3ω2(1− 3ω2) f
2
2
η22a
8
δR = 0, (3.15)
where only the dominant terms have been kept. τ is dened as before as the time
experiened by an observer on the seond brane. The matter utuations are now
related to the radion utuations by the formula:
δη2 = −η
2
2a
4
f2
(
H2δR,τ + 3f
2
2
η22a
8
δR
)
. (3.16)
Equation (3.15) an now be solved for a radiation dominated seond brane where
ω2 = 1/3. Using the approximation H2 ≃ −f2/η2a4 and remembering that in this
situation f2 < 0, one obtains the expression,
δR = δRie−f2(τ−τi)/η2a4 +
(
4δRi + η2a
4
η2if2
δη2i
)
(1− e−f2(τ−τi)/η2a4), (3.17)
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where the subsript i means the value of the quantity at τi. Therefore it is lear that
when there is a onstant brane tension on the referene brane and a highly non-Z2
symmetri seond brane suh as is the ase suggested by Randall and Lyken [58℄,
an equilibrium solution exists only when the seond brane is radiation dominated,
however this solution for the interbrane distane or osmologial radion is inherently
unstable.
Another ase of interest is when both branes are Z2 symmetri and as disussed
in the previous setion if ω0 = −1 then an equilibrium solution exists only when
ω2 = −1 also. Adding three times equation (3.13) to equation (3.14) and negleting
all f2 terms results in,
δR,ττ + 3H2δR,τ + 4µ2(1− η22)δR = −
κ2
6
δT2, (3.18)
where δT2 is the linear perturbation of the trae of the matter energy-momentum
tensor [51℄ and is given by,
κ2
6
δT2 = −µδη2 + 3µδp2. (3.19)
It an then be seen that equation (3.18) is just the equation of motion of a salar
eld oupled to the perturbed trae of the matter energy-momentum tensor. This
therefore onrms previous results found in [4749℄. The oeient of the δR term
in equation (3.18) demonstrates that when both branes are dS4 implying that both
η20 > 1 and η
2
2 > 1, small perturbations around the equilibrium radion position are
unstable. Alternatively, if both branes are AdS4 and therefore η
2
0 < 1 and η
2
2 < 1
then the perturbations are stable. It is again possible in this ase to eliminate the
matter utuation terms by taking a suitable linear ombination of equations (3.13)
and (3.14). For a general ω2 and keeping ω0 = −1 this leads to,
δR,ττ + (2 + 3ω2)H2 δR,τ + 3µ2(1 + ω2)(1− (2 + 3ω2)η22) δR = 0. (3.20)
The matter utuations are now related to the radion utuations by,
µδη2 = H2 δR,τ + µ2(1− η22) δR. (3.21)
Assuming that both branes are dS4, that ω2 = −1 and that k = C1 = C2 = 0 ensures
that H2 is time independent and given by H2 = µ2(η22 − 1). It is therefore possible
to solve equation (3.20) for R(τ) giving,
δR = δRieH2(τ−τi) − 1H22
δη2i(1− eH2(τ−τi)). (3.22)
where as before δRi and δη2i are the initial radion utuations and energy density
utuations at time τi. This desribes the behaviour near the equilibrium position
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and demonstrates expliitly the unstable nature of the radion for two dS4 branes and
will be ompared with several numerial solutions disussed in the next setion [51℄.
If instead, both branes are assumed to be AdS4 then it is not possible for H2 to be
time independent and either k, C1 or C2 must be non-zero. This leads to a reollapsing
universe on the seond brane. Again taking ω2 = −1 allows equation (3.20) to be
written as simply,
δR,ττ = H2 δR,τ . (3.23)
Examining equations (3.21) and (3.23) it an be seen that the radion will only exhibit
a pseudo-stable behaviour in that R will initially aelerate toward the equilibrium
position but will only deelerate one H2 has hanged from positive to negative.
In the setion 5 the analyti results disussed here will be ompared with omplete
numerial solutions of the radion equation for several ases of interest. Before this we
go on in the next setion to disuss the osmologial radion in terms of the stati bulk
perspetive, in order to obtain an intuitive understanding of some of the numerial
results that are presented in setion 5.
4. The Two Brane Senario: a Bulk Perspetive
In the previous setion we linearised the radion equations in order to determine the
stability of several equilibrium positions, and therefore to obtain some idea of the
behaviour of the radion in several ases of interest. Here we go on to briey examine
the two brane model from the perspetive of a bulk observer. This will allow us to
show that the evolution of the radion an be thought of as a ompetition between
the expansion rates of the two branes, and this will help determine in whih ases
the branes ollide or move apart. These preditions will be shown to be in agreement
with the numerial results presented in the next setion.
We are onsidering purely ve-dimensional spaetimes that respet the sym-
metries of three-dimensional homogeneity and isotropy, and that only possess a ve
dimensional osmologial onstant in the bulk. It was rst shown by [15℄ that a modi-
ed version of Birkho's theorem implies that suh spaetimes are in fat stati. The
bulk metri takes the general form:
ds2 = −φ(R) dT 2 + R2 γijdxidxj + φ(R)−1dR2, (4.1)
where we have dened the funtion φ(R) as,
φ(R) =
(
µ2R2 + k − Ci
R2
)
, (4.2)
and as before k takes the values 0, −1, or 1 for at, losed or open geometries, and
γij is the orresponding metri on the unit plane, hyperboloid or sphere. T is the
time experiened by a bulk observer, and R the oordinate of the fth dimension,
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while as before the subsript i is either 0, 1 or 2, orresponding to the bulk regions
to the left, between or to the right of the branes.
The simple form of these bulk solutions is ounter-balaned by the fat that in
these oordinates both the 3-branes annot (exept in trivial ases) be stationary,
and in general move through the bulk spaetime. In fat in the non-Z2 symmetri
ase, the brane moves through two dierent bulk spaetimes, with for example, two
dierent bulk masses either side of the brane. If the referene brane has a trajetory
given by R = R0(T ), then the indued metri on it is given by,
ds2 = −dt2 + R20(t)γijdxidxj , (4.3)
where again t is the time experiened by an observer on the referene brane and is
related to the bulk time T by,
dt2 =
[
φ(R0)− 1
φ(R0)
(
dR0
dT
)2]
dT 2. (4.4)
Hene from equation (4.3) one an see that the apparent expansion of the brane
as seen by suh an observer is in fat aused by the brane's motion through the
bulk [15℄. One an therefore dedue that the brane's position R0(t) in these bulk
oordinates is proportional to the sale fator a0(t) of the brane used throughout the
rest of this paper. Thus the trajetory of the brane, at least in terms of t, an be
found from its Friedmann equation (2.10). In order to ompare the trajetories of
two suh branes we need to solve for R0 in terms of the bulk time T . Equation (4.4)
an be rearranged to give,
dt
dT
=
φ(R0)
(φ(R0) +H20R
2
0)
1/2
, (4.5)
where H0 is again the Hubble parameter on the referene brane given by H0R0 =
dR0/dt. This an be ombined with equation (4.5) to show that the brane's motion
in terms of T satises,
dR0
dT
=
dR0
dt
dt
dT
=
H0R0 φ(R0)
(φ(R0) +H
2
0R
2
0)
1/2
. (4.6)
By replaing R0 and H0 with R2 and H2, one an obtain the equivalent equation for
the seond brane,
dR2
dT
=
H2R2 φ(R2)
(φ(R2) +H22R22)1/2
. (4.7)
It must be remembered that here R0(T ) and R2(T ) orrespond to the positions of
the branes in the stati spaetime that lies between them. The interbrane distane
in terms of these bulk oordinates is now just given by R = R0 − R2, where R0(T )
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and R2(T ) an be found by solving equations (4.6) and (4.7). For example, if we
assume the referene brane is Z2 symmetri, equation (4.6) beomes,
dR0
dT
=
H0φ(R0)
µ|η0| , (4.8)
whih assuming that k = C0 = C1 = 0, redues to,
dR0
dT
= µ2R20
√
1− 1
η20
. (4.9)
If the referene brane possesses a onstant dimensionless energy density η0, then this
an be solved to give the position of the referene brane to be,
R0(T ) =
[
1
R0i
− µ2
√
1− 1
η20
(T − Ti)
]−1
, (4.10)
where R0i is the position of the brane at time Ti. If we make similar assumptions for
the seond brane, in that it is also Z2 symmetri (C2 = 0) and that η2 is onstant,
then R2(T ) is found to be of the same form,
R2(T ) =
[
1
R2i
− µ2
√
1− 1
η22
(T − Ti)
]−1
, (4.11)
where again R2i = R2(Ti). Now taking the onvention R0i > R2i, whih here or-
responds to the referene brane being of positive tension and the seond brane
being of negative tension, we an ask under what onditions the branes ollide.
R0(T ) = R2(T ) ours at a time Tc given by,
Tc =
1/R2i − 1/R0i
µ(H2/|η2| − H0/η0) + Ti (4.12)
however the ollision must our for positive R0 and R2, and R0(T ) > 0 only when
T < T∞, where T∞ is given by,
T∞ =
η0
µH0R0i
+ Ti. (4.13)
Therefore a ollision will our only if Tc < T∞, whih implies the ondition,
R2i
R0i
>
H0|η2|
H2η0 =
(
1− 1/η20
1− 1/η22
)1/2
. (4.14)
So using the bulk perspetive we have found the requirement for brane ollision to
our in terms of the branes' energy densities and initial positions, in the onstant
brane tension ase. This ondition (4.14), is in fat a spei ase of the brane based
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equilibrium onditions (3.1) and (3.3). This will be disussed further in setion 5.1
where we look at the onstant brane tension ase from the brane perspetive, and
where the equivalene of these onditions will be demonstrated expliitly.
For more realisti ases suh as where both branes possess a osmologially evolv-
ing energy density, the bulk perspetive is less useful. It is, in general not possible
to analytially solve equations (4.6) and (4.7) in order to obtain the trajetories of
the branes and hene it is diult to determine whether the branes will ollide. In
addition one annot easily determine the onditions for equilibrium of the interbrane
distane; however it must be noted that this equilibrium is in some sense a reation of
the brane oordinates themselves. One inevitably has to turn to numerial methods,
and due to this in the next setion we numerially integrate the radion equation,
formulated in terms of the brane oordinates. Note that in the brane based perspe-
tive, all the information about the branes' relative positions ontained in equations
(4.6) and (4.7) is desribed by one equation (2.21), the non-linear equation for the
radion. Hene we only need to numerially solve one non-linear equation.
The bulk perspetive however, an still provide intuitive insight into the results
obtained in the following hapter. Thinking of the evolution of the interbrane dis-
tane as a ompetition between the branes' expansion rates helps explain the rih
variety of behaviour that is found.
5. Numerial Analysis of the Non-Linear Radion
Previously, the equations for the osmologial radion have been derived and anal-
ysed. The equilibrium points have been identied and the stability of these solutions
examined. Unfortunately, due to the highly non-linear nature of the radion equation
there is only so muh one an learn from analytial methods. Hene, in this se-
tion, the radion equations are solved numerially in several dierent ases in order
to determine the non-perturbative aspets of the osmologial radion. The subtle
numerial problems involved are disussed, and the results are interpreted using the
bulk perspetive desribed in the previous setion. We rst review and then extend
some of the results on dS and AdS branes presented in [51℄.
5.1 Constant Tensions on Both Branes: The dS Case
If the assumptions are made that the referene brane is dS4 or equivalently that
η0 > 1, and that C0 = C1 = 0 implying that the brane possesses Z2 symmetry and
has no Weyl tensor omponent, then the brane based metri omponents an be
written in the simple form,
a(t, y) = a0(t)(coshµy − η0 sinh µy) = a0(t)
√
η20 − 1 sinhµ(yh − |y|) , (5.1)
n(y) = (cosh µy − η0 sinh µy) =
√
η20 − 1 sinh µ(yh − |y|) , (5.2)
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where yh denotes the position of the oordinate singularity dened by a(t, y) = 0 and
is given by,
µyh = tanh
−1 1
η0
. (5.3)
Replaing the metri omponents (5.1) and (5.2) into equations (3.1) and (3.3) to
determine the equilibrium radion position denoted by ye, one nds as stated before
that the equation of state on the seond brane must be of the form p2 = −η2 and
that,
µye = tanh
−1 1
η0
+ tanh−1
1
η2
. (5.4)
In order to numerially solve the radion equation here and in the following setions,
it is useful to onvert to the following dimensionless variables,
z = µR, zh,e = µyh,e s = µt, h0 = H0
µ
, h2 =
H2
µ
. (5.5)
Replaing the expressions for the metri oeients (5.1) and (5.2) into the radion
equation (2.21) and hanging to the above dimensionless variables gives,
z,s = h0 sinh(zh − z)cosh(zh − z) + h2η2 sinh
2(zh − z)
1 + η22 sinh
2(zh − z)
, (5.6)
where it should be remembered that here h20 = η
2
0 − 1, and setting k = 0 gives
h22 = η
2
2 − 1. Sine the energy densities of both branes are by assumption onstant
in time, the evolution of the radion is ompletely embodied by equation (5.6) and
all that is required to solve it is the initial radion position denoted by zi. Numerial
solutions were generated for two dierent situations, eah with varying initial radion
positions and the results are shown in gures 1 and 2. Figure 1 orresponds to the
ase where η0 = 1.5 and η2 = −3 and shows the trajetories of six dierent initial
radion positions distributed around the equilibrium position ze. Equations (5.3)
and (5.4) show that for this hoie of brane tensions the equilibrium and singularity
positions are ze ≃ 0.458 and zh ≃ 0.805 whih orrespond to the rst and seond
dotted lines of gure 1. As expeted from the above analysis, the equilibrium position
is found to be unstable: initial positions satisfying zi < ze lead to the seond brane
olliding with the referene brane; as opposed to initial positions satisfying zi > ze
when the seond brane asymptotially `freezes out' at zh as seen by an observer on
the referene brane. Consideration of equations (5.6) and (2.13) demonstrates that
rossing zh only takes a nite amount of proper time on the seond brane.
The situation where η0 = 1.5 and η2 = −1.3 was investigated and the results are
shown in gure 2. Referring to the expression for the equilibrium position given by
equation (5.4), it an be seen that if both branes are dS with for example η0 positive
and η2 negative, then |η0| > |η2| implies that ze < 0. Due to the Z2 symmetry this
means that there is no physial equilibrium position for the radion in this setup. This
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Figure 1: Both branes are dS and η0 = 1.5, η2 = −3.
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Figure 2: Both branes are dS and η0 = 1.5, η2 = −1.3.
is onrmed by gure 2 where every hoie of initial position for the radion leads to
the seond brane freezing out at zh, where zh ≃ 0.805 as in the previous example.
This behaviour an be better understood from a bulk observer's perspetive. In the
bulk oordinate system, both branes are moving through a stati bakground. Their
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trajetories from this point of view are solely dependent upon their expansion rates
or Hubble onstants; inreasing the magnitude of η2 inreases H2 and hene improves
the hanes of the seond brane `athing' the referene brane. Alternatively, if as
in gure 2, the magnitude of η0 is greater than that of η2, it will be impossible
for the branes to ollide. In setion 4 we used the bulk perspetive to solve for the
trajetories of two onstant tension dS branes, and derived the ondition for ollision
(4.14): R2i/R0i > H0|η2|/H2η0. This an be rewritten using the fat that R0 and R2
are proportional to a0(t) and a(t, z) respetively, whih implies,
αa(t, z)
a0(t)
>
H0|η2|
H2η0 , (5.7)
where we have saled the three spatial dimensions xi so that R0 = a0 and there-
fore R2 = αa(t, z) where α is some positive onstant disussed below. Again using
the expliit expression for the metri element a(t, z) given by equation (5.1), this
beomes,
sinh(zh − z) > |η2|
αη0
1
(η22 − 1)1/2
. (5.8)
Now assuming that α = |η2|/η0, one nds that the branes will ollide if the initial z
satises,
tanh(zh − z) > 1|η2| , (5.9)
from whih one an reover the equilibrium ondition equation (5.4), derived from
the brane perspetive. One an hek that α does indeed take the required form, as
it must in order for the two perspetives to agree, by heking the expliit transfor-
mation between bulk and brane oordinates as detailed in [59℄.
The bulk perspetive is very useful for understanding the behaviour of the non-
perturbative osmologial radion and will be disussed further. It must be stressed
that a time independent bulk solution will not be possible for senarios that ontain
more general matter in the bulk, suh as for example salar elds or dilaton elds.
This is another reason for using brane based oordinates to examine the radion.
5.2 Constant Tensions on Both Branes: The AdS Case
In this setion the radion dynamis are investigated for the ase of two AdS4 branes,
that is two branes suh that |η0| < 1 and |η2| < 1. Again it is assumed that both
branes are Z2-symmetri and that they possess no Weyl tensor omponent suh that
C0 = C1 = C2 = 0. This implies that one must take k = −1 to get a onsistent
solution to the Einstein equations. The metri oeients take the form,
a(t, y) = a0(t)(coshµy − η0 sinh µy) = a0(t)
√
1− η20 cosh (|z| − zm) , (5.10)
n(y) = (cosh µy − η0 sinh µy) =
√
1− η20 coshµ(|z| − zm) , (5.11)
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where the dimensionless oordinate z = µy has been used as before, and zm whih
orresponds to the minimum of a(s, z) and n(s, z) is given by,
zm = tanh
−1 η0. (5.12)
From equation (2.20) it is seen that sine a(s, z) possesses a minimum, it is possible
to have two positive tension branes in a ompatied ve-dimensional spaetime [60℄.
The radion equation (2.21) now looks like,
z,s = K
2
0 cosh(z − zm) × (5.13)
h0 sinh(z − zm)± η2 cosh(z − zm)
√
h20 +K
2
0 (1−K22 cosh2(z − zm))
h20 + η
2
2K
2
0 cosh
2(z − zm)
, (5.14)
where K0 =
√
1− η20 and K2 =
√
1− η22. Using equation (2.10) the dimensionless
Hubble parameter on the referene brane is now given by,
h0 = −K20 +
1
a20
, (5.15)
whih an be solved to give a0(t) = sin(K0s)/µK0 and therefore h0 = K0/ tan(K0s)
whih is all that is needed in order to numerially solve equation (5.13). It must
be noted that, when generating a solution to equation (5.13) one must be areful
to ensure that the sign of the square root is hanged whenever the argument of the
square root vanishes i.e. when h2 = 0. This has to be the ase and an be seen on
examination of equation (2.21). The equilibrium position an now be shown to be,
ze = tanh
−1 η0 + tanh
−1 η2. (5.16)
Figures 3 and 4 show the radion trajetories that were numerially generated for
two distint situations. The rst ase that was examined, orresponding to gure
3, was where η0 = 0.6 and η2 = 0.6 whih implies hoosing the positive root in
equation (5.13). The initial radion positions are distributed about the equilibrium
point ze = 1.39 whih is represented by the dotted line. As expeted from the analysis
in setion 3.2, it is seen that the the radion displays a pseudo-stable behaviour -
initially the interbrane distane aelerates toward ze, but it only begins to deelerate
one h2 = 0 whih does not neessarily orrespond to z rossing the equilibrium
point. It is this fat ombined with the warped nature of n(s, z) that auses dierent
trajetories to reah h2 = 0 at dierent points and hene leads to the asymmetrial
(in the z diretion) appearane of gure 3. Figure 4 shows several radion trajetories
when the seond brane possesses a negative tension. Speially, the brane tensions
have been hosen to be η0 = 0.9 and η2 = −0.9 whih implies that ze = 0. As
expeted, this leads to the seond brane olliding with the rst for any given initial
radion position.
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Figure 3: Both branes are AdS and η0 = 0.6, η2 = 0.6.
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Figure 4: Both branes are AdS and η0 = 0.9, η2 = −0.9.
5.3 Radiation and Matter on the Referene Brane
We now turn to a more interesting situation where there exists a realisti osmology
on the referene brane. We assume that the dimensionless energy density η0 an be
deomposed into two parts [61℄: a onstant brane tension and a `physial' energy
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density denoted by η0p suh that,
η0 = 1 + η0p, (5.17)
and similarly the dimensionless pressure is deomposed into,
p0 = −1 + p0p. (5.18)
This is done as before to ensure that the referene brane undergoes standard osmol-
ogy at late times or more speially that the Friedmann equation has the form,
H20 = µ
2η20p + 2µ
2η0p , (5.19)
so that H20 ∝ η0p at late times, where we have assumed that both branes are Z2
symmetri, possess no Weyl tensor omponent and that k = 0. If the referene brane
now has an equation of state p0p = ω0η0p, equations (3.8) and (3.9) show that the
metri oeients in terms of s and z will now be given by,
a(s, z) = a0(cosh z − (1 + η0p) sinh z) , (5.20)
n(s, z) = cosh z − (1− (2 + 3ω0))η0p sinh z , (5.21)
where now both a0 and η0p are funtions of the dimensionless time parameter s.
The Friedmann equation (5.19) an now be solved for η0p using the brane energy
onservation equation,
η˙0 = −3H0(η0 + p0), (5.22)
whih leads to,
η0p(s) =
1
1
2
q20s
2 + q0s
, (5.23)
where we have dened q0 = 3(1+ω0). Using this expression for η0p(s), the position of
the oordinate singularity dened by a(s, zh) = 0 is now given by the simple formula,
zh = tanh
−1
(
1
1 + η0p
)
= ln(q0s+ 1). (5.24)
We now assume that the referene brane is in a radiation dominated phase in that
ω0 = 1/3, q0 = 4 and therefore η0p ∝ a−40 and that the seond brane has a onstant
brane tension. It is now possible, using equations (5.17), (5.19), (5.20), (5.21) and
(5.23) to numerially solve the radion equation (2.21). This was done using several
dierent initial onditions and the results are shown in gure 5, along with the time
dependent position of zh denoted by the dotted line and given by equation (5.24).
The six initial radion positions were distributed evenly between z = 0 and z = zh.
In gure 5 the radion positions are graphed against time for a seond brane tension
η2 = −1.2, and as an be seen, all the radion trajetories lead to the two branes
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olliding. Trajetories that initially begin loser to zh take longer to return to the
referene brane as would be expeted.
Similar results were also obtained for various values of the seond brane tension.
It was found that the radion trajetories exhibit the same general behaviour, but the
seond brane would return and ollide with the referene brane sooner/later if the
magnitude of η2 was greater/lesser. An interesting ase is shown in gure 6, where
the referene brane is again radiation dominated, however the seond brane is now
a tuned or ritial brane with η0 = −1. The initial radion positions were spread
between z = 0 and z = 0.95zh at s = 0.05 and the oordinate singularity moves
away from the referene brane as before with zh = ln(4s + 1). In this situation the
seond brane does not return and ollide with the referene brane, instead the inter-
brane distane inreases with logarithmi behaviour similar to that of the oordinate
singularity at zh. If instead, it is assumed that the referene brane is in a matter
dominated phase so that ω0 = 0, q0 = 3 and therefore η0p ∝ a−30 , the dynamis of
the interbrane distane will again be altered. The oordinate singularity is now at
zh = ln(3s + 1), and it was found that if the referene brane is matter dominated,
the seond brane takes longer to return.
This general radion behaviour when the referene brane has a more realisti
osmology an be understood in terms of the evolution of the brane energy densities
and by viewing the situation from a bulk observers perspetive. Initially η0p is very
large ausing a0 to inrease rapidly (a0 ∝ t1/4) and therefore the referene brane will
be moving rapidly through the stati bulk. The seond brane on the other hand,
only has a low onstant energy density η2, and will begin by moving slowly, hene
the interbrane distane will initially inrease. At late times, η0p tends to zero and
the referene brane is muh slower ompared to the seond brane whih now has
a2 ∝ expH2τ and therefore the interbrane distane will derease and eventually the
branes will ollide. This means that the time taken to ollide is dereased by having
a larger η2, in agreement with the above results. Alternatively, a matter dominated
referene brane will maintain a higher `speed' at late times and therefore will inrease
the time taken to ollide. In gure 6, where the tuned seond brane never returns,
we have that H2 = 0, and therefore from the bulk observers point of view the
seond brane is stationary. Sine our brane is expanding (albeit with a ontinually
dereasing rate), it moves away from the seond brane and hene the interbrane
distane inreases monotonially. All these features of the radion's behaviour will be
disussed further in the next setion when we go on to investigate the time taken for
the branes to ollide.
5.3.1 The Time Taken for the Branes to Collide
In order to obtain an intuitive understanding of the nature of the radion it is useful
to investigate expliitly scol, the dimensionless time taken for the branes to ollide.
scol depends on many variables inluding the initial onditions, the equations of
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Figure 5: Radiation on the referene brane, η2 = −1.2 on the seond brane.
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Figure 6: Radiation on the referene brane with a tuned (η2 = −1) seond brane.
state on either brane, the urvature and non-Z2 symmetry of the branes and the
proximity of the seond brane to zh. Here we have restrited our analysis to the
situations presented in the previous setion, where the referene brane possesses a
realisti osmology and the seond brane has a onstant negative brane tension.
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The dependene of the ollision time on the initial radion position zi, when the
referene brane is either radiation or matter dominated was numerially determined
and the results are shown in gure 7. Firstly one an see that for all values of zi/zh,
the branes ollide muh sooner for a radiation as opposed to a matter dominated
referene brane. As disussed in the previous setion, this is due to the matter
dominated brane moving through the bulk with a greater `speed' than that of the
radiation dominated brane. Seondly, as the initial radion position inreases, the
ollision time also inreases, beoming singular as zi → zh. The reason for this is
that a(s, z) → 0 at zh, and therefore the initial sale fator of a brane lose to zh
tends to zero also. Sine the seond brane has to expand from a(s, zi) to a0(scol) in
order for ollision to our, a vanishing a(s, zi) implies scol →∞.
The eet on the ollision time of varying the tension of the seond brane was
investigated, and the results are shown in gure 8. A similar eet to gure 7 is
seen in that radiation domination implies faster ollision. In addition, it an be seen
that inreasing the magnitude of η2 leads to the seond brane moving faster, whih
in turn dereases scol. As an be seen from gure 6, when η2 → −1 then scol → ∞,
sine the seond brane is eetively stationary from the bulk point of view.
5.3.2 The Ekpyroti and Cyli Models
The above disussion of the ollision times of the two branes highlights an important
feature of the well known ekpyroti and yli models. In the Ekpyroti universe [62
67℄ it was proposed that the supposed beginning of our four-dimensional universe is
in fat the result of a ollision between a boundary and a bulk brane. Some of the
energy of the ollision would be onverted into a hot big bang, and it was shown
how one therefore no longer needs to inorporate ination to explain the urrent
observational data. The yli model [68,69℄ went one step further: it was suggested
that the big bang was due to the ollision of two boundary branes, and that these
branes would ollide periodially every several trillion years. This would also explain
the apparent aelerated expansion of the universe we observe today.
Both these models, however, needed to employ a potential between the branes in
order for the brane ollisions to our at the orret times. Although these potentials
were no more omplex than those employed in the most reent inationary theories,
they were to say the least ad ho. We have investigated throughout this paper
the natural behaviour of osmologially realisti branes moving in a ve-dimensional
AdS bulk, and as an be seen from the above results, we nd that brane ollisions
(at least in this model) are ommonplae. We also however, nd that the ollision
time will not be signiantly greater than the inverse ve-dimensional Plank mass
3
(≃ 30TeV or above), and therefore to delay brane ollisions to the extent proposed in
the Ekpyroti and Cyli models, a ertain amount of ne tuning must be involved.
3
A fat whih an be inferred by dimensional analysis.
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Figure 7: Time taken for branes to ollide for varying initial z
Taking this point further, in general one might expet a ve-dimensional model of
this kind to ontain a large number of branes, eah ontaining dierent equations of
state. These would neessarily be olliding over timesales of around M−15 , so in the
ase of a Cyli universe the main question to answer would be why our brane has
not hit anything else in the last thirteen billion years.
5.4 Radiation and Matter on Either Brane
We now turn to the interesting ase where both branes are Z2 symmetri and have
time dependent energy densities η0(t) and η2(t). This allows us to investigate the
behaviour of the radion when both branes are either radiation or matter dominated.
There are, however, some subtleties as dening a time dependent energy density on
the seond brane leads in most ases to η(t → 0) = −∞, whih ould lead to some
phenomenologial problems.
Assuming that both brane energy densities an be deomposed into a onstant
brane tension omponent and a time dependent `physial' omponent we have,
η0 = 1 + η0p, p0 = −1 + p0p, (5.25)
for the referene brane, and,
η2 = −1 − η2p, p2 = 1 − p2p, (5.26)
for the seond brane where η2p and p2p are positive quantities. We have assumed
that C0 = C1 = C2 = k = 0, and we want to obtain the Randall-Sundrum two brane
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Figure 8: Time taken for branes to ollide for varying η2
model at late times, therefore the assumed form of η2 and p2 given by equation (5.26)
is the only possible hoie.
The juntion onditions aross the seond brane give the energy density onser-
vation equation:
η˙2 = −3H2 (η2 + p2), (5.27)
whih in terms of η2p takes the same form,
η˙2p = −3H2 (η2p + p2p). (5.28)
If the seond brane has an equation of state of the form p2p = ω2η2p then we an use
equation (5.28) to write,
η2p =
(
γ2
a2
)3(1+ω2)
=
(
γ2
a2
)q2
, (5.29)
where we have dened q2 = 3(1 + ω2). A similar argument for the referene brane
gives also,
η0p =
(
γ0
a0
)3(1+ω2)
=
(
γ0
a0
)q0
, (5.30)
whih was impliitly used in the previous two setions. γ0 and γ2 are simply onstants
relating the energy densities and sale fators on either brane.
One an now ask whether an equilibrium solution for the interbrane distane
exists in this situation. Using the onditions for equilibrium given by equations (3.1)
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and (3.3) we an write the equation for the possible equilibrium point ze in the same
form as equation (5.4),
ze = tanh
−1 1
(1 + η0p)
+ tanh−1
1
(−1 − η2p) . (5.31)
Replaing η0p and η2p using equations (5.29) and (5.30), and rearranging gives,
ze =
1
2
(q0 − q2) ln a0 − 1
2
q2 ln
(
a2
a0
)
+
1
2
ln
(
γq22
γq00
)
. (5.32)
This shows that in general the required expression for ze is time dependent (sine
both a0 and a2 depend on t) and that therefore no equilibrium position exists. If,
however, we examine the late time behaviour of this equation then we an use the
fat that a2/a0 = cosh ze−η0 sinh ze ≈ exp (−ze) to rst order4. Equation (5.32) an
now be arranged to give,
ze =
1
q2 − 2
[
(q2 − q0) ln a0 + ln
(
γq00
γq22
)]
(5.33)
This demonstrates that there will be an equilibrium solution at late times if and
only if q0 = q2 i.e. if both branes have the same equation of state. Therefore if both
branes are radiation dominated, q0 = q2 = 4 and ze = 2 ln (γ0/γ2), however, if they
are matter dominated then q0 = q2 = 3 and ze = 3 ln (γ0/γ2).
We now investigate the stability of suh solutions by examining equation (3.13),
whih in dimensionless variables and with f2 = 0 looks like,
h2 δz,s2 + (1− η¯22) δz = δη2. (5.34)
where we have dened s2 = µτ , the dimensionless time experiened by an observer
on the seond brane. Using the fat that we have set η2 = −1− η2p = −1− (γ2/a)q2
gives,
δη2 = q2
(γ2
a
)q2 a′
a
δz = q2 η¯2p (−1 − η¯2p) δz, (5.35)
where we have used the fat that at equilibrium a′/a = η¯2. Combining equations
(5.34) and (5.35) and expressing everything in terms of η¯2p leads to,
δz,s2 = −
(
η¯2p
η¯2p + 2
)1/2
(q2 − 2 + (q2 − 1)η¯2p) δz. (5.36)
This shows that the utuations around ze will be stable as long as q2 > 2. The
expliit expression for η2p in terms of the time experiened by an observer on the
4
Tehnially we have had to assume both that t≫ 1 and that ze is not signiantly lose to the
oordinate singularity at zh = tanh
−1(1/η0).
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seond brane s2 an be found from the Friedmann equation (2.17) ombined with
equation (5.29) and takes the same form as equation (5.23),
η2p(s2) =
1
1
2
q22s
2
2 + q2s2
. (5.37)
Inserting this into the utuation equation allows us to solve for δz(s2) giving,
δz(s2) =
A(q2s2 + 1)
[q2s2(q2s2 + 2)]
(q2−1)/q2
, (5.38)
where A is an integration onstant. Therefore at late times when s2 ≫ 1, the
utuations will behave like δz ∼ (q2s2)(2/q2−1) giving δzr ∼ (q2s2)−1/2 for radiation
and δzm ∼ (q2s2)−1/3 for matter demonstrating that the interbrane distane will tend
to ze at late times. Inidentally, the early time behaviour is δzr ∼ (q2s2)−3/4 and
δzm ∼ (q2s2)−2/3, and although we have already shown that the equilibrium position
ze is not onstant at this time, provided it moves only slowly relative to the evolution
of the utuations then these early time results will still be of signiane.
Using equations (5.20), (5.21), (5.26), and (5.29) the radion equation (2.21) was
solved numerially for four dierent ases, with both branes assumed to be in a state
of either radiation or matter dominane and the results are shown in gures 9, 10, 11
and 12. In eah ase the six initial radion positions were distributed evenly between
0 and zh, and the integration was started at s = 0.1. Figure 9 shows the evolution of
the radion z against the dimensionless time variable s when both branes are radiation
dominated in that q0 = q2 = 4. The proportionality onstants have been hosen to
be γ0 = 1.04 and γ2 = 1 and therefore the late time equilibrium position ze given by
equation (5.33) is ze ≃ 0.0784 whih is represented by the dotted line. At late time
the stable behaviour predited above is evident as all trajetories tend slowly towards
ze. The expeted early time behaviour is also onrmed as initially the trajetories
rapidly onverge, however some of them possess stationary points whih implies a
time dependent solution for ze. In fat, the minimum of a trajetory orresponds to
where the time dependent solution for ze atually rosses the trajetory. Figure 10
shows the radion's behaviour when both branes are matter dominated. Here the
onstants are γ0 = 1.02 and γ2 = 1 and therefore ze ≃ 0.0594. A stable behaviour
is again observed as expeted from the above analysis, and the similarities with
gure 9 are substantial. Note how the rate at whih trajetories onverge at late
times is faster for radiation than for matter dominated branes in agreement with
δzr ∼ s−1/2 and δzm ∼ s−1/3 as found above.
The interesting ase in whih the branes possess dierent equations of state is
presented in gures 11 and 12. Figure 11 shows the evolution of the radion when
the referene brane is radiation dominated and the seond brane matter dominated.
Initially, the trajetories rapidly onverge in a similar manner to gures 9 and 10,
however soon the disparity in the expansion rates of the two branes takes eet and
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Figure 9: The evolution of the interbrane distane z when both branes are radiation
dominated. The dotted line is the late time value of the equilibrium position ze. Note the
way some of the trajetories reah a minimum before approahing their limit: this is due
to the early time dependene of ze
inevitably the interbrane distane reahes zero, orresponding to the branes olliding.
Figure 12 shows the opposite ase, whereby the referene brane is matter dominated,
and the seond brane is radiation dominated. Again initially the trajetories rapidly
onverge, but sine the referene brane is eetively moving faster through the bulk
than the seond brane, the interbrane distane inreases indenitely.
5.5 Phase Transitions on the Referene Brane
In this setion we investigate the osmologial behaviour of the interbrane distane
when phase transitions our on the referene brane. It must be noted that here,
unlike the previous setion we keep the equation of state on the seond brane to be
p2 = −η2 - that of a onstant brane tension.
Here we assume that the referene brane goes through three stages: aelerating,
radiation dominated and matter dominated. In eah stage we ignore all subdomi-
nant terms in the brane's energy density so that ω0 = −1, 0, 1/3 in eah of the
orresponding phases, leading to,
η0p =

λ s < s1
λa0(s1)
4
a0(s)4
s1 < s < s2
λ a0(s1)
4
a0(s2)a0(s)3
s2 < s
, (5.39)
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Figure 10: Matter on both branes
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Figure 11: Radiation on the referene brane, matter on the seond brane
where λ is a onstant and s1 and s2 are the times at whih the transitions our. Note
that here we assume that the transitions are instantaneous. Using this expression
for η0p and equations (5.17), (5.19), (5.20) and (5.21) the radion equation (2.21)
was solved for two ases, eah with several initial radion positions distributed evenly
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Figure 12: Matter on the referene brane, radiation on the seond brane
between z = 0 and z = 0.8zh, the results of whih are shown in gures 13 and 14.
Both ases had η2 = −1.2 and initially η0 = 1.1, and only diered by the hoie of
transition times s1 and s2. The rst graph, given in gure 13 has s1 = 4, s2 ≃ 13
and shows how during the rst phase some of the radion trajetories quikly ollide
with the referene brane, and the rest tend toward zh as would be expeted from the
analysis of onstant tension branes in setion 5.1. When the radiation phase ours
however, the surviving solutions quikly move away from the referene brane (in
these brane based oordinates), before eventually returning to z = 0. The existene
of the matter phase delays this return further. In the seond ase given by gure
14 the initial phase is twie as long as in the previous situation with s1 = 8. The
radiation-matter transition time has been hosen so that matter domination ours
at the same energy density as in the rst ase giving s2 ≃ 17. Doubling s1 has an
interesting eet - the time taken for the inevitable ollision between the branes is
massively delayed, in fat it has been inreased roughly by a fator of ten. This
shows that a relatively short period of stronger ination on the referene brane than
on the seond brane will delay the return of the seond brane indenitely. The fat
that in these situations investigated here, the interbrane distane eventually reahes
zero is of ourse dependent on the value of η2 and the limiting value at late time of
η0 = 1+η0p. As expeted, the behaviour desribed here and shown in the two gures
is again in agreement with the oneptual arguments in terms of a bulk observer
developed in the previous setion.
We now go on to examine the interesting ase of two positive tension non-Z2
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Figure 13: Phase transitions: initially the referene brane has a total onstant energy
density η0 = 1.1, with η2 = −1.2 on the seond brane. At t = 4 and t = 13 the referene
brane undergoes phase transitions into a radiation dominated universe and then a matter
dominated universe respetively.
symmetri branes in a semi-innite extra dimension.
5.6 Non-Z2 Symmetry and Weyl Tensor Eets
As disussed in setion 5.4, it is interesting to examine models where both branes
possess osmologially evolving energy densities however, often this requires a seond
brane tension η2, suh that η2 → −∞ as t → 0. This ould obviously lead to
phenomenologial diulties, hene in this setion we turn to an interesting model
in whih the referene brane is Z2 symmetri, while the seond brane is non-Z2
symmetri allowing both branes to be of positive tension in a semi-innite fth
dimension. A model of this kind was previously proposed by [58℄ as an attempt to
solve the hierarhy problem using only positive tension branes. Several multi-brane
extensions of this model have been studied [7072℄ albeit not for osmologial ases.
Setting C0 = C1 = k = 0 but assuming C2 6= 0, means that h0 = η20 − 1 and that
the Friedmann equation for the seond brane is given by,
h2 = η
2
2 − 1 +
C2
2µ2a42
+
C22
16µ4η22a
8
2
, (5.40)
whih an be rewritten using f2 = C2/4µ as,
h2 =
(
η2 +
f2
µη2a
4
2
)2
− 1. (5.41)
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Figure 14: The initial phase is twie as long as g 13 greatly delaying the return of the
seond brane.
Referring to equations (2.16) and (2.20) it an be seen that a solution of the two brane
system with both branes of positive tension does exist in this situation, provided that,
−f2
µη2a42
> η2. (5.42)
This implies both that f2 < 0 and that the seond brane must be dominated by its
lak of Z2 symmetry, a fat that prevents standard osmology being realised on this
brane. We studied the behaviour of the interbrane distane for two dierent equations
of state on the seond brane. The rst was where the seond brane possessed a
onstant brane tension η2 = 1.1 and the results are shown in gure 15. The referene
brane had a onstant tension of η0 = 1.01 and the non-Z2 symmetri parameter
was set to f2 = −1.0/µ3 (in order to keep the radion equation independent of µ)
and the six initial radion positions were distributed evenly between z = 0.5 and
z = 2.5. Inspetion of equation (5.41) shows that in this situation the seond brane
will initially expand until a maximum value of a2(τ) is reahed whih satises,
a2max(τ) =
( −f2
µη2(1 + η2)
)1/4
. (5.43)
One this is reahed h2 = 0, and subsequently the seond brane begins to ontrat.
This behaviour helps to explain the trajetories shown in gure 15: the expanding
seond brane begins to ath up with the referene brane but one a2 ≃ a2max, the
seond brane's motion slows and it quikly falls behind and freezes out at zh ≃ 2.65.
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Figure 15: Radion trajetories for the two positive tension branes ase where µ3f2 = −1,
η0 = 1.01 and η2 = 1.1
In the seond f2 6= 0 ase investigated, we assumed ω2 = 1/3 and hene that the
(positive) energy density η2 was radiation dominated suh that η2 = γr/a
4
, where γr
is some onstant. For eah of the six trajetories, we set γr = 5 and hose a value of
f2 suh that η2 + f/µη2a
4 = −1.1 in order to ensure that the dierent trajetories
all start with the same value of h22 = 0.21. The referene brane was assumed to
have η0 = 2.0 and the results are shown in gure 16. In order to have two positive
tension branes the inequality (5.42) was maintained and one an therefore see from
equation (5.41) that initially h2 is smaller than h0 and the interbrane distane will
inrease, however the η2 term in equation (5.41) soon beomes negligible and the
seond brane is then entirely dominated by the onstant non-Z2 symmetry suh that
h2 ≃ f 22 /µ2γ2r − 1. Therefore at later times the situation is analogous to that of
onstant tension branes analysed in setion 5.1: an unstable equilibrium position
exists as an be seen in gure 16 and this agrees with the perturbative analysis of
this situation presented in setion 3.2.
Obviously there are many other two brane situations that ould be investigated
inluding both branes having no Z2-symmetry and both branes with non-zero Weyl
tensor omponents, however, we leave this to a future investigation.
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Figure 16: Radion trajetories where the referene brane possesses a onstant brane ten-
sion and the seond brane is radiation dominated and non-Z2 symmetri.
6. Disussion
In this paper we have greatly extended the work done by Binetruy et al [51℄ on the
osmologial radion of the two brane Randall Sundrum model. We started by using
an elegant method to derive the non-linear equations of motion for the interbrane
distane R, and hene found a more general version of the radion equation, while
sidestepping a lot of the algebra required in [51℄. The R¨ equation was derived and
this allowed us to identify the general onditions for an equilibrium radion position.
The equations of motion were then linearised in order to investigate the nature of the
equilibrium positions and in the majority of ases these positions were found to be
unstable, onrming and generalising previous work [4749℄. The radion equations
were found to be extremely non-linear and it was therefore neessary to numerially
integrate them in order to examine the radion's behaviour far from the equilibrium
positions. It should be noted that in some ases no equilibrium exists making a
numerial analysis even more vital.
The numerial solutions onrmed that for two onstant tension dS branes there
sometimes existed an unstable equilibrium point, but for two AdS branes that point,
if it exists would be stable. The ases where the referene brane possessed a more
realisti equation of state, with standard osmology taking over at late times were
also examined, and for a onstant seond brane tension η2 > 1 it was found that the
branes inevitably ollide. The time taken for this ollision to our was alulated and
shown to depend upon amoung other things the initial radion position and the nature
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of the matter on the referene brane, for example, radiation domination implies the
branes ollide sooner than if there was matter domination. It was demonstrated how
if both branes possess a time dependent energy density then a stable equilibrium
solution exists provided the branes possess the same equation of state. The eets
of hanges of state were also onsidered, and it was shown how a relatively short
burst of ination ould greatly delay the return of the seond brane. Two non-Z2
symmetri senarios involving two positive tension branes were investigated: one led
to all trajetories freezing out at zh, while the other at late times was analogous to
the the onstant tension dS ase. It should be noted that these senarios exist in
a semi-innite spae y > 0, and assuming f2 < 0 implies that the Shwarzshild
mass to the right of the seond brane C2 < 0 whih may lead to problems as the
seond brane will not be shielded from the naked singularity appearing in the bulk.
This ould be avoided by having for example C0 = C1 > C2 > 0 i.e. having all the
Shwarzshild masses greater than zero.
It was disussed how, by onsidering the perspetive of a bulk observer in a
stati bulk bakground, one an develop a oneptual understanding of many of
the features of the radion displayed in this paper. Viewing the behaviour of the
interbrane distane as a ompetition between the expansion rates of the branes,
one an then analyse the branes' Friedmann equations to determine qualitatively
the radion's behaviour. One may ask whether it would have been better to arry
out this analysis in the bulk based oordinate system as opposed to a brane based
one. However, we intend to extend this radion analysis to systems ontaining more
ompliated bulk matter than just a osmologial onstant, namely salar and dilaton
elds. It is then not possible to use a time independent bulk based oordinate system
sine Birkho's theorem (the generalisation of Gauss' theorem) an no longer be
applied. Given the elegane and ease of deriving the radion equation in the brane
based system, the need to follow and extend the work done by [51℄, and the inevitable
numerial alulation whatever oordinate system was used, it was felt that the brane
based system was the most appropriate for our purposes.
Finally, it should be mentioned how speial a ase the osmologial radion is.
Due to the amount of symmetry assumed, the trajetories of the branes are entirely
determined by the knowledge of their Friedmann equations and hene their expansion
rate, a fat whih allowed us to eiently derive the radion equation, and was not
realised by [51℄ who had to use a more umbersome method. In essene the branes
do not `feel' eah other, a fat that is altered if one onsiders other elds in the bulk,
or general perturbations to the osmologial bakground.
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